We present a model for quark masses and mixing, featuring geometrical CP violation through a ∆(27) triplet. By employing a single U (1)F or ZN symmetry in addition to ∆(27), we forbid all terms in the scalar potential that would spoil the calculable phases the triple acquires. The quark sector is realised by mimicking an existing scheme that reproduces the masses and CKM mixing, with the extra symmetry enabling the hierarchies in the Yukawa couplings through a Froggatt-Nielsen mechanism.
Many years ago, the concept of geometrical CP violation (GCPV) was introduced in [1] . This appealing particular case of spontaneous CP violation has received further attention recently [2] [3] [4] [5] [6] [7] [8] . In general, there has been lot of interest in the study of CP violation in the context of discrete flavour groups, with CP symmetries now being frequently employed together with flavour groups in the context of models explaining fermion masses and mixing [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
As shown originally in [1] , in a multi-Higgs extension of the Standard Model (SM) based on ∆(27) commuting with a CP symmetry, the renormalisable scalar potential can lead to spontaneous CP violation through a complex vacuum expectation value (VEV) of the type:
with ω ≡ e i2π/3 . It is non-trivial to use this ∆(27) triplet VEV to produce viable patterns of fermion masses and mixing: the only parameter coming from this symmetrical VEV is the magnitude v (shared by each component), and the calculable phase is very sensitive to extensions of the scalar content. Nevertheless, after promising leading order structures were identified in [2] , a viable GCPV framework was finally presented explicitly for quarks in [5] . A possible approach dealing only with leptons has been more recently proposed by [8] .
While minimal in terms of content, [5] is not entirely satisfactory as (like the SM itself) it does not provide an explanation for the large hierarchies present in the Yukawa couplings. Another issue is that in addition to the ∆(27) triplet scalar, at least one scalar transforming as a non-trivial singlet under ∆(27) is required to construct viable mass structures (namely, to account for the CKM mixing). The presence of non-trivial scalar singlets affects the scalar potential: unless couplings mixing it with the triplet are assumed to be negligible, GCPV is spoiled. While neglecting the couplings of that type increases the (accidental) symmetry of the potential and may be considered natural in some sense, the [5] model did not have any symmetry beyond ∆(27) that enforced this.
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In order to address both of these issues of the [5] model, we propose to increase the symmetry content with either a continuous U (1) F or a discrete Z N subgroup with the aim to improve upon the existing viable model. The Yukawa hierarchies can be readily alleviated by assigning different charges to the lighter generations and implementing a Froggatt-Nielsen (FN) mechanism [24] . Furthermore, by suitably charging all non-trivial ∆(27) singlet scalars under this extra symmetry, it is possible to forbid the problematic scalar couplings. We introduce two fields ϕ and θ (SM gauge singlets), respectively charged under ∆(27) and U (1) F as 1 00 , −1 and 1 02 , −2 (see Table I ).
We implement the quark sector aiming to obtain the same M M † structures for the up and down quark sectors that were shown to be viable in [5] . In the solution we propose, the M u and M d structures are not the same as in [5] , [3] . [15] also discusses the ∆(27) case. For generalisations of the framework to different groups and calculable phases, see [4, 6] . 2 This is also the case in [8] , which actually has two non-trivial ∆(27) singlet scalars. Table I , we preserve most of the ∆(27) assignments of [5] : Q i (the 3 generations of quark SU (2) doublets) are 1 jk singlets whereas the RH quark singlets u c and d c transform as the appropriate 3-dimensional irreducible representation that allows an invariant Yukawa coupling with H † or H respectively. The 3 01 × 3 02 product involving H (or H † ) produces the corresponding singlet 1 00 , 1 01 or 1 02 matching each of the Q i combinations, and the invariants in the quark sector are of the generic form Q i (H † u c ) and Q i (Hd c ). It was already mentioned that one of the goals is to alleviate the hierarchical Yukawa couplings required by the observed fermion masses. As we are adding a flavour symmetry to the SM, leaving the hierarchies unexplained is unappealing. To tackle this issue, we use a generalised FN mechanism where for each generation there is a specific U (1) F or Z N charge that must be cancelled by some additional θ, ϕ insertions in order to build invariant terms. With the content listed in Table I the specific invariants are:
The mass scale suppressions required for the ultraviolet completion of each non-renormalisable terms, have been absorbed into the definition of the respective y i , p i and h i coefficients and are otherwise omitted for simplicity. In a complete model they can be identified as the masses of the suitable FN messenger fields. Two alternatives for the Q 2 (Hd c ) 01 θ term are shown in Figure 1 for the sake of illustration. If one is using U (1) F , the only other allowed non-renormalisable invariants require adding to each of the already invariant terms an independently U (1) F invariant combination such as θ
The first type of combination is also ∆(27) invariant and merely redefines the existing terms, and the second type only appears when suppressed by three (or more) additional field insertions. In turn, with a discrete symmetry, the lowest viable N for this specific framework is 4 (otherwise Q 1 becomes neutral) and the equivalent non-negative assignments are 3 for ϕ and 2 for θ, so there would be additional invariants with two additional insertions θ 2 e.g. Q 3 (Hd c ) 02 θθ. This third type of invariants is only allowed by the discrete symmetry, and can be pushed to higher orders simply by using a larger Z N group.
As seen in eq. (4), the field θ (1 02 ) combines with Q 1 , Q 2 (both 1 00 ) to respectively make the p 1 , p 2 invariants of the down sector. Because Q 3 transforms as 1 02 , there are (Hd c ) 01 invariants involving all three Q i . Therefore, the respective M d structure has in each row one contribution with the ω coming from the H 1 VEV in the same column (the third column): [5] ). The structure shown in M h is the only new contribution coming from the possible ∆(27) invariants (the other contributions can be absorbed into the already existing structures, by making use of the 1 + ω + ω 2 = 0 identity).
In the up sector, due to the stronger hierarchy, the contributions to the CKM are negligible, and it is simple to fit the 3 masses with the leading Yukawa couplings:
